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Abstract

Random forests are a learning algorithm proposed by Breiman (2001)
which combines several randomized decision trees and aggregates their
predictions by averaging. Despite its wide usage and outstanding prac-
tical performance, little is known about the mathematical properties
of the procedure. This disparity between theory and practice orig-
inates in the difficulty to simultaneously analyze both the random-
ization process and the highly data-dependent tree structure. In the
present paper, we take a step forward in forest exploration by prov-
ing a consistency result for Breiman’s (2001) original algorithm in the
context of additive regression models. Our analysis also sheds an in-
teresting light on how random forests can nicely adapt to sparsity in
high-dimensional settings.

Index Terms — Random forests, randomization, consistency, additive
model, sparsity, dimension reduction.
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1 Introduction

Random forests are an ensemble learning method for classification and re-
gression that constructs a number of randomized decision trees during the
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training phase and predicts by averaging the results. Since its publication
in the seminal paper of Breiman (2001), the procedure has become a ma-
jor data analysis tool, that performs well in practice in comparison with
many standard methods. What has greatly contributed to the popularity
of forests is the fact that they can be applied to a wide range of predic-
tion problems and have few parameters to tune. Aside from being simple
to use, the method is generally recognized for its accuracy and its abil-
ity to deal with small sample sizes, high-dimensional feature spaces, and
complex data structures. The random forest methodology has been suc-
cessfully involved in many practical problems, including air quality pre-
diction (winning code of the EMC data science global hackathon in 2012,
see http://www.kaggle.com/c/dsg-hackathon), chemoinformatics (Svet-
nik et al., 2003), ecology (Prasad et al., 2006; Cutler et al., 2007), 3D ob-
ject recognition (Shotton et al., 2011), and bioinformatics (Diaz-Uriarte and
de Andrés, 2006), just to name a few. In addition, many variations on the
original algorithm have been proposed to improve the calculation time while
maintaining good prediction accuracy (see, e.g., Geurts et al., 2006; Ama-
ratunga et al., 2008). Breiman’s forests have also been extended to quantile
estimation (Meinshausen, 2006), survival analysis (Ishwaran et al., 2008),
and ranking prediction (Clémencon et al., 2013).

On the theoretical side, the story is less conclusive and, regardless of their
extensive use in practical settings, little is known about the mathematical
properties of random forests. To date, most studies have concentrated on
isolated parts or simplified versions of the procedure. The most celebrated
theoretical result is that of Breiman (2001), which offers an upper bound
on the generalization error of forests in terms of correlation and strength of
the individual trees. This was followed by a technical note (Breiman, 2004),
that focuses on a stylized version of the original algorithm. A critical step
was subsequently taken by Lin and Jeon (2006), who established an inter-
esting connection between random forests and a particular class of nearest
neighbor predictors, further explored by Biau and Devroye (2010). In re-
cent years, various theoretical studies (e.g., Biau et al., 2008; Ishwaran and
Kogalur, 2010; Biau, 2012; Genuer, 2012; Zhu et al., 2012) have been per-
formed, analyzing consistency of simplified models, and moving ever closer
to practice. Recent attempts towards narrowing the gap between theory and
practice are by Denil et al. (2013), who proves the first consistency result for
online random forests, and by Wager (2014) and Mentch and Hooker (2014)
who study some asymptotic properties of forests.

The difficulty to properly analyze random forests can be explained by the
black-box nature of the procedure, which is actually a subtle combination of



different components it is illusory to analyze separately. Among the forest
essential ingredients, both bagging (Breiman, 1996) and the Classification
And Regression Trees (CART)-split criterion (Breiman et al., 1984) play a
critical role. Bagging (a contraction of bootstrap-aggregating) is a general
aggregation scheme which proceeds by generating subsamples from the orig-
inal data set, constructing a predictor from each resample and deciding by
averaging. It is one of the most effective computationally intensive proce-
dures to improve on unstable estimates, especially for large, high-dimensional
data sets where finding a good model in one step is impossible because of
the complexity and scale of the problem (Bithlmann and Yu, 2002; Kleiner
et al., 2012; Wager et al., 2013). On the other hand, the CART-split selec-
tion, originated from the most influential CART algorithm of Breiman et al.
(1984), is used in the construction of the individual trees to choose the best
cuts perpendicular to the axes. At each node of each tree, the best cut is
selected by optimizing the CART-split criterion, based on the notion of Gini
impurity (classification) and prediction squared error (regression).

Yet, while bagging and the CART-splitting scheme play a key role in the ran-
dom forest mechanism, both are difficult to analyze, thereby explaining why
theoretical studies have considered so far simplified versions of the original
procedure. This is often done by simply ignoring the bagging step and by re-
placing the CART-split selection by a more elementary cut protocol. Besides,
in Breiman’s forests, each leaf (that is, a terminal node) of the individual
trees contains a fixed pre-specified number of observations (this parameter,
called nodesize in the R package randomForests, is usually chosen between
1 and 5). There is also an extra parameter in the algorithm which allows to
control the total number of leaves (this parameter is called maxnode in the R
package and has, by default, no effect on the procedure). The combination
of these various components makes the algorithm difficult to analyze with
rigorous mathematics. As a matter of fact, most authors focus on simpli-
fied, data-independent procedures, thus creating a gap between theory and
practice.

Motivated by the above discussion, we study in the present paper some
asymptotic properties of Breiman’s (2001) algorithm in the context of ad-
ditive regression models. We prove the L? consistency of random forests,
which gives a first basic theoretical guarantee of efficiency for this algorithm.
Up to our knowledge, this is the first consistency result for Breiman’s (2001)
original procedure. Our approach rests upon a detailed analysis of the behav-
ior of the cells generated by CART-split selection as the sample size grows. It
turns out that a good control of the regression function variation inside each
cell, together with a proper choice of the total number of leaves (Theorem

3



3.1) or a proper choice of the subsampling rate (Theorem 3.2) are sufficient to
ensure the forest consistency in a I.? sense. Also, our analysis shows that ran-
dom forests can adapt to a sparse framework, when the ambient dimension
p is large but only a smaller number of coordinates carry out information.

The paper is organized as follows. In Section 2, we introduce some notations
and describe the random forest method. The main asymptotic results are
presented in Section 3 and further discussed in Section 4. Section 5 is devoted
to the main proofs, and technical results are postponed to Section 6.

2 Random forests

The general framework is IL? regression estimation, in which an input ran-
dom vector X € [0,1]7 is observed, and the goal is to predict the square
integrable random response Y € R by estimating the regression function
m(x) = E[Y|X = x|. To this aim, we assume given a training sample
D, = (X1,Y1),...,(X,,Y,) of [0,1]7 x R-valued independent random vari-
ables distributed as the independent prototype pair (X,Y’). The objective
is to use the data set D,, to construct an estimate m,, : [0,1]”? — R of the
function m. In this respect, we say that a regression function estimate m,, is
IL? consistent if E[m,,(X) — m(X)]? — 0 as n — oo (where the expectation
is over X and D,,).

A random forest is a predictor consisting of a collection of M randomized re-
gression trees. For the j-th tree in the family, the predicted value at the query
point x is denoted by m,(x; ©;,D,,), where Oy, ..., 0, are independent ran-
dom variables, distributed as a generic random variable © and independent of
D,,. In practice, this variable is used to resample the training set prior to the
growing of individual trees and to select the successive candidate directions
for splitting. The trees are combined to form the (finite) forest estimate

M
1
M (X;01,...,00,D,) = MZmn(x; 0;,D,). (1)
j=1

Since in practice we can choose M as large as possible, we study in this paper
the property of the infinite forest estimate obtained as the limit of (1) when
the number of trees M grows to infinity:

mn<X§ Dn) =Ko [mn(x; O, Dn)] )



where Eg denotes expectation with respect to the random parameter ©,
conditional on D,,. This operation is justified by the law of large numbers,
which asserts that, almost surely, conditional on D,

Hm my, (x5 01,...,00,D,) = my(x;D,)
M—o0
(see, e.g., Scornet, 2014, for details). In the sequel, to lighten notation, we
will simply write m,,(x) instead of m,(x; D,,).

In Breiman’s (2001) original forests, each node of a single tree is associated
with a hyper-rectangular cell. At each step of the tree construction, the
collection of cells forms a partition of [0,1]P. The root of the tree is [0, 1]P
itself, and each tree is grown as explained in Algorithm 1.

This algorithm has three parameters:

1. my,, € {1,...,p}, which is the number of pre-selected directions for
splitting;

2. a, € {1,...,n}, which is the number of sampled data points in each
tree;

3. t, € {1,...,a,}, which is the number of leaves in each tree.

By default, in the original procedure, the parameter m,,, is set to p/3, a, is
set to n (resampling is done with replacement), and ¢, = a,. However, in
our approach, resampling is done without replacement and the parameters
a, and t, can be different from their default values.

In a word, the algorithm works by growing M different trees as follows. For
each tree, a, data points are drawn at random without replacement from
the original data set; then, at each cell of every tree, a split is chosen by
maximizing the CART-criterion (see below); finally, the construction of every
tree is stopped when the total number of cells in the tree reaches the value
t, (therefore, each cell contains exactly one point in the case ¢, = a,).
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Algorithm 1: Breiman’s random forest predicted value at x.

Input: Training set D,,, number of trees M > 0, m,,, € {1,...,p},
a, €{1,...,n}, t, €{1,...,a,}, and x € [0, 1]".

Output: Prediction of the random forest at x.
for j=1,...,M do
Select a,, points, without replacement, uniformly in D,,.
Set Py = {[0, 1]7} the partition associated with the root of the tree.
Set Npoges = 1 and level = 0.
while 7,,04.s < t,, do
if Plevel = @ then

‘ level = level + 1
else
Let A be the first element in P,y
if A contains exactly one point then
Plevel — Plevel\{A}
Plevel-l—l — Plevel+1 U {A}
else
Select uniformly, without replacement, a subset
My C{1,...,p} of cardinality my,y.
Select the best split in A by optimizing the CART-split
criterion along the coordinates in My, (see details below).
Cut the cell A according to the best split. Call A, and Ag
the two resulting cell.

7Dlevel — 7Dlevel\{14}
Prever+1 < Preverr1 U{AL} U {Agr}
Nnodes = Nnodes T 1
end
end

end

Compute the predicted value m,(x;©,,D,) at x equal to the average of
the Y;’s falling in the cell of x in partition Piepe; U Prever-

end

Compute the random forest estimate mps,(x;01,...,0,D,) at the query
point x according to (1).

We note that the resampling step in Algorithm 1 (line 2) is done by choosing
a, out of n points (with a,, < n) without replacement. This is slightly differ-
ent from the original algorithm, where resampling is done by bootstrapping,
that is by choosing n out of n data points with replacement.
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is harmless—in fact, it is just a means to avoid mathematical difficulties
induced by the bootstrap.

On the other hand, letting the parameters a, and t, depend upon n offers
several degrees of freedom which opens the route for establishing consistency
of the method. To be precise, we will study in Section 3 the random forest
algorithm in two different regimes. The first regime is when ¢,, < a,, which
means that trees are not fully developed. In that case, a proper tuning of
t, ensures the forest’s consistency (Theorem 3.1). The second regime occurs
when t, = a,, i.e. when trees are fully grown. In that case, consistency

results from an appropriate choice of the subsample rate a,/n (Theorem
3.2).

So far, we have not made explicit the CART-split criterion used in Algo-
rithm 1. To properly define it, we let A be a generic cell and N,,(A) be
the number of data points falling in A. A cut in A is a pair (j, z), where j
is a dimension in {1,...,p} and z is the position of the cut along the j-th
coordinate, within the limits of A. We let C4 be the set of all such possible
cuts in A. Then, with the notation X; = (Xgl), . ,X?”), for any (j, z) € Ca,

the CART-split criterion (Breiman et al., 1984) takes the form

n

1

La(3.2) " Na(A) D (Vi = Ya)Ixiea
" i=1
1 <& . i 2
_ N (A) Z(Y; — YAL]IXEJ‘)Q — YAR]IXEj)ZZ) Ix,ea, (2)

i=1

where A = {x € A:xY) < 2}, Ap = {x € A:xY > 2}, and Yy (resp.,
Ya4,, Ya,) is the average of the Y;’s belonging to A (resp., Ay, Ag), with the
convention 0/0 = 0. At each cell A, the best cut (jr, 2¥) is finally selected
by maximizing L, (j, z) over My,, and Cy, that is

(Jr,zr) € argmax Ly, (7, 2).
jEMtry
(j7Z)ECA

To remove ties in the argmax, the best cut is always performed along the
best cut direction j, at the middle of two consecutive data points.

3 Main results

We consider an additive regression model satisfying the following properties:
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(H1) The response Y follows
p .
Y= m(X9)+e,
j=1

where X = (XU .. XP) is uniformly distributed over [0,1]?, € is an in-
dependent centered Gaussian noise with finite variance o®> > 0, and each
component m; is continuous.

Additive regression models, which extend linear models, were popularized
by Stone (1985) and Hastie and Tibshirani (1986). These models, which de-
compose the regression function as a sum of univariate functions, are flexible
and easy to interpret. They are acknowledged for providing a good trade-
off between model complexity and calculation time, and were accordingly
extensively studied for the last thirty years. Additive models also play an
important role in the context of high-dimensional data analysis and sparse
modelling, where they are successfully involved in procedures such as the
Lasso and various aggregation schemes (for an overview, see, e.g., Hastie
et al., 2009).

Our first result assumes that the total number of leaves ¢,, in each tree tends
to infinity slower than the number of selected data points a,,.

Theorem 3.1. Assume that (H1) is satisfied. Then, provided a,, — oo and
to(logay,)®/a, — 0, random forests are consistent, i.e.,

lim E [m,(X) — m(X)]* = 0.

n—o0

Noteworthy, Theorem 3.1 still holds with a,, = n. In that case, the subsam-
pling step plays no role in the consistency of the method. Indeed, controlling
the depth of the trees via the parameter ¢, is sufficient to bound the forest
error. We note in passing that an easy adaptation of Theorem 3.1 shows that
the CART algorithm is consistent under the same assumptions.

The term (loga,)? originates from the Gaussian noise and allows to control
the noise tail. In the easier situation where the Gaussian noise is replaced
by a bounded random variable, it is easy to see that the term (loga,)? turns
into log a,,, a term which accounts for the complexity of the tree partition.

Let us now examine the forest behavior in the second regime, where ¢,, = a,,
(i.e., trees are fully grown) and, as before, subsampling is done at the rate
a,/n. The analysis of this regime turns out to be more complicated, and
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rests upon assumption (H2) below. We denote by Z; = 1 XExX, the indicator

that X, falls in the same cell as X in the random tree de81gned with D,

and the random parameter ©. Similarly, we let Z} = ]lxe'x , where ©’ is an
&X;

independent copy of ©. Accordingly, we define

UiV 5) = B Z,2)|X,0,6/, Xy, X, Vi, Y]

iy Lj
and U = E[ZZZ]’-‘X, 0,0, X,,... ,Xn]

Finally, for any random variables Wy, Wy, Z, we denote by Corr(W;, W5|Z)
the conditional correlation coefficient (whenever it exists).

(H2) Let Z;; = (Z;, Z}). Then, one of the following two conditions holds:

(H2.1) One has

2
lim (logan)2d*2(logn)2]E maX|¢w( i ]) ¢”‘

n—oo
i?fj

(H2.2) There exist a constant C' > 0 and a sequence (Vn)n — 0 such
that, almost surely,

|Corr(Y-—m(X-) Lz, —(01,0) X4, X5, Y5)|

g5 4
zlﬁi}& IPl/Q[ = (01, 62)|X, X, YH -
and
-_ | Corr (( m(Xi))? 1z,-0]Xi)| <C
01=0,1 P1/2 [Zi = 51\Xi]

Despite their technical aspect, statements (H2.1) and (H2.2) have simple
interpretations. To understand the meaning of (H2.1), let us replace the
Gaussian noise by a bounded random variable. A close inspection of Lemma
4 shows that (H2.1) may be simply replaced by

2

lim E max|¢”( 5 Y;) — il =0.

n—oo
17&3

Therefore, (H2.1) means that the influence of two Y-values on the probabil-
ity of connection of two couples of random points tends to zero as n — oc.
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As for assumption (H2.2), it holds whenever the correlation between the
noise and the probability of connection of two couples of random points
vanishes fast enough, as n — oo. Note that, in the simple case where the
partition is independent of the Y;’s, the correlations in (H2.2) are zero, so
that (H2) is trivially satisfied. It is also verified in the noiseless case, that
is, when Y = m(X). However, in the most general context, the partitions
strongly depend on the whole sample D,, and, unfortunately, we do not know
whether (H2) is satisfied or not.

Theorem 3.2. Assume that (H1) and (H2) are satisfied and let t, = a,.
Then, provided a, — oo and a,logn/n — 0, random forests are consistent,
1.€.,

lim B [m,(X) — m(X)]* = 0.

n—o0

Up to our knowledge, apart from the fact that bootstrapping is replaced by
subsampling, Theorem 3.1 and Theorem 3.2 are the first consistency results
for Breiman’s (2001) forests. Indeed, most models studied so far are designed
independently of D,, and are, consequently, an unrealistic representation of
the true procedure. In fact, understanding Breiman’s random forest behavior
deserves a more involved mathematical treatment. Section 4 below offers a
thorough description of the various mathematical forces in action.

Our study also sheds some interesting light on the behavior of forests when
the ambient dimension p is large but the true underlying dimension of the
model is small. To see how, assume that the additive model (H1) satisfies a
sparsity constraint of the form

S
j=1

where S < p represents the true, but unknown, dimension of the model.
Thus, among the p original features, it is assumed that only the first (without
loss of generality) S variables are informative. Put differently, Y is assumed
to be independent of the last (p — S) variables. In this dimension reduction
context, the ambient dimension p can be very large, but we believe that the
representation is sparse, i.e., that few components of m are non-zero. As
such, the value S characterizes the sparsity of the model: the smaller S, the
sparser m.

Proposition 1 below shows that random forests nicely adapt to the sparsity
setting by asymptotically performing, with high probability, splits along the
S informative variables.
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In this proposition, we set m,,, = p and, for all k, we denote by j; ,(X),...,
Jkn(X) the first k£ cut directions used to construct the cell containing X, with
the convention that j,,(X) = oo if the cell has been cut strictly less than ¢
times.

Proposition 1. Assume that (H1) is satisfied. Let k € IN* and £ > 0.
Assume that there is no interval [a,b] and no j € {1,...,S} such that m; is
constant on [a,b]. Then, with probability 1 — &, for all n large enough, we
have, for all1 < q <k,

Jen(X) €{1,...,S}.

This proposition provides an interesting perspective on why random forests
are still able to do a good job in high-dimensional settings. Since the algo-
rithm selects splits mostly along informative variables, everything happens
as if data were projected onto the vector space generated by the S infor-
mative variables. Therefore, forests are likely to only depend upon these S
variables, which supports the fact that they have good performance in sparse
framework.

4 Discussion

One of the main difficulties in assessing the mathematical properties of
Breiman’s (2001) forests is that the construction process of the individual
trees strongly depends on both the X;’s and the Y;’s. For partitions that are
independent of the Y;’s, consistency can be shown by relatively simple means
via Stone’s (1977) theorem for local averaging estimates (see also Gyorfi
et al., 2002, Chapter 6). However, our partitions and trees depend upon the
Y -values in the data. This makes things complicated, but mathematically
interesting too. Thus, logically, the proof of Theorem 3.2 starts with an
adaptation of Stone’s (1977) theorem tailored for random forests, whereas
the proof of Theorem 3.1 is based on consistency results of data-dependent
partitions developed by Nobel (1996).

Both theorems rely on Proposition 2 below which stresses an important fea-
ture of the random forest mechanism. It states that the variation of the
regression function m within a cell of a random tree is small provided n is
large enough. To this aim, we define, for any cell A, the variation of m within
A as

A(m,A) = sup |m(x)—m(x')|.

x,x'€A
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Furthermore, we denote by A,(X,0) the cell of a tree built with random
parameter © that contains the point X.

Proposition 2. Assume that (H1) holds. Then, for all p,& > 0, there ezists
N € IN* such that, for alln > N,

It should be noted that in the standard, Y-independent analysis of parti-
tioning regression function estimates, the variance is controlled by letting
the diameters of the tree cells tend to zero in probability. Instead of such
a geometrical assumption, Proposition 2 ensures that the variation of m in-
side a cell is small, thereby forcing the approximation error of the forest to
asymptotically approach zero.

While Proposition 2 offers a good control of the approximation error of the
forest in both regimes, a separated analysis is required for the estimation
error. In regime 1 (Theorem 3.1), the parameter ¢, allows to control the
structure of the tree. This is in line with standard tree consistency approaches
(see, e.g., Chapter 20 in Devroye et al., 1996). Things are different for the
second regime (Theorem 3.2), in which individual trees are fully grown. In
that case, the estimation error is controlled by forcing the subsampling rate
a,/n to be o(1/logn), which is a more unusual requirement and deserves
some remarks.

At first, we note that the logn term in Theorem 3.2 is used to control the
Gaussian noise €. Thus, if the noise is assumed to be a bounded random
variable, then the log n term disappears, and the condition reduces to a,,/n —
0. The requirement a, logn/n — 0 guarantees that every single observation
(X, Y;) is used in the tree construction with a probability that becomes small
with n. It also implies that the query point x is not connected to the same
data point in a high proportion of trees. If not, the predicted value at x
would be too much influenced by one single pair (X;,Y;), making the forest
inconsistent. In fact, the proof of Theorem 3.2 reveals that the estimation
error of a forest estimate is small as soon as the maximum probability of
connection between the query point and all observations is small. Thus,
the assumption on the subsampling rate is just a convenient way to control
these probabilities, by ensuring that partitions are dissimilar enough (i.e.
by ensuring that x is connected with many data points through the forest).
This idea of diversity among trees was introduced by Breiman (2001), but
is generally difficult to analyse. In our approach, the subsampling is the key
component for imposing tree diversity.

12



Theorem 3.2 comes at the price of assumption (H2), for which we do not
know if it is valid in all generality. On the other hand, Theorem 3.2, which
mimics almost perfectly the algorithm used in practice, is an important step
towards understanding Breiman’s random forests. Contrary to most previous
works, Theorem 3.2 assumes that there is only one observation per leaf of
each individual tree. This implies that the single trees are eventually not
consistent, since standard conditions for tree consistency require that the
number of observations in the terminal nodes tends to infinity as n grows
(see, e.g., Devroye et al., 1996; Gyorfi et al., 2002). Thus, the random forest
algorithm aggregates rough individual tree predictors to build a provably
consistent general architecture.

It is also interesting to note that our results (in particular Lemma 3) cannot
be directly extended to establish the pointwise consistency of random forests,
that is, for almost all x € [0, 1]¢,
. 2
JLIEOE[mn(X) —m(x)]” = 0.

Fixing x € [0, 1]¢, the difficulty results from the fact that we do not have a
control on the diameter of the cell A,(x,0), whereas, since the cells form
a partition of [0,1]¢, we have a global control on their diameters. Thus, as
highlighted by Wager (2014), random forests can be inconsistent at some
fixed point x € [0, 1]¢, particularly near the edges, while being I.? consistent.

Let us finally mention that all results can be extended to the case where &
is a heteroscedastic and sub-Gaussian noise, with for all x € [0, 1]¢, V[g|X =
x] < 0", for some constant o’?. All proofs can be readily extended to match
this context, at the price of easy technical adaptations.

5 Proof of Theorem 3.1 and Theorem 3.2

For the sake of clarity, proofs of the intermediary results are postponed to
Section 6. We start with some notations.

5.1 Notations

In the sequel, to clarify the notations, we will sometimes write d = (dV), d®)
to represent a cut (j, z).

Recall that, for any cell A, C4 is the set of all possible cuts in A. Thus,
with this notation, Cg 1j» is just the set of all possible cuts at the root of the
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tree, that is, all possible choices d = (dV),d®) with dV) € {1,...,p} and
d® € [0,1].

More generally, for any x € [0, 1]?, we call A(x) the collection of all possible
k > 1 consecutive cuts used to build the cell containing x. Such a cell is
obtained after a sequence of cuts dy, = (dy, ..., dx), where the dependency of
d; upon x is understood. Accordingly, for any di € Ax(x), we let A(x,dy)
be the cell containing x built with the particular k-tuple of cuts di. The
proximity between two elements dj and d}, in Ax(x) will be measured via

|dx — d}|lc = sup max (|d§-1) — d;(1)|, |d§-2) — d;(2)|> .

1<j<k
Accordingly, the distance d., between dj, € Ag(x) and any A C Ag(x) is

doo(dy, A) = ;22”(11‘“ — 7|00

Remember that A,,(X, ©) denotes the cell of a tree containing X and designed
with random parameter ©. Similarly, A, (X, ©) is the same cell but where
only the first k cuts are performed (k € IN* is a parameter to be chosen later).
We also denote by (:Ai,y€77l(X7 ©)= (aAan(X, 0),... ,dkm(X, ©)) the k cuts used
to construct the cell A, (X, ©).

Recall that, for any cell A, the empirical criterion used to split A in the
random forest algorithm is defined in (2). For any cut (j, z) € Ca, we denote
the following theoretical version of L,(-,-) by

L*(j,2) = V[Y|X € A] - P[XY < 2| X € A] V[Y|XY) < 2, X € 4]
—PXY > 2|X € A V[Y|XD > 2 X € A

Observe that L*(+,-) does not depend upon the training set and that, by the
strong law of large numbers, L,(j,z) — L*(j,z) almost surely as n — oo
for all cuts (j,z) € Ca. Therefore, it is natural to define the best theoretical
split (j*, 2*) of the cell A as

(5%, 2%) € argmin L*(j, 2).
(4,2)€Ca
jEMtry

In view of this criterion, we define the theoretical random forest as before,
but with consecutive cuts performed by optimizing L*(-, -) instead of L,(-,-).
We note that this new forest does depend on © through Mj,,, but not on the
sample D,,. In particular, the stopping criterion for dividing cells has to be
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changed in the theoretical random forest; instead of stopping when a cell has
a single training point, we impose that each tree of the theoretical forest is
stopped at a fixed level &k € IN*. We also let A} (X, ©) be a cell of the theoret-
ical random tree at level k, containing X, designed with randomness ©, and
resulting from the k theoretical cuts dj(X,0) = (dj(X,0),...,d5(X, 0)).
Since there can exist multiple best cuts at, at least, one node, we call
A% (X, 0) the set of all k-tuples dj (X, 0) of best theoretical cuts used to
build A} (X, ©).

We are now equipped to prove Proposition 2. For clarity reasons, the proof
has been divided in three steps. Firstly, we study in Lemma 1 the theoretical
random forest. Then we prove in Lemma 3 (via Lemma 2), that theoretical
and empirical cuts are close to each other. Proposition 2 is finally established
as a consequence of Lemma 1 and Lemma 3. Proofs of these lemmas are to
be found in Section 6.

5.2 Proof of Proposition 2

We first need a lemma which states that the variation of m(X) within the
cell A%(X,0) where X falls, as measured by A(m, A5 (X, 0)), tends to zero.

Lemma 1. Assume that (H1) is satisfied. Then, for all x € [0,1]?,

A(m, Ax(x,0)) — 0, almost surely, as k — oo.

The next step is to show that cuts in theoretical and original forests are
close to each other. To this aim, for any x € [0, 1]? and any k-tuple of cuts

dy € Ai(x), we define

n

1 _
Ln d;) = Y; -Y X 2]1 i X
,k’(X7 k) Nn(A(X, dk71>) ;( A( 7dk—1)) X;€A(x,dg_1)
1 o _
_ Y~ Vi, oear o1
Nn(A(X, dk—l)) ; < Ap(x,dg—1) Xidé ))<d§f)

_ 2
—Yapxae 1l 4o, (2)) Ix,eaxdp_1)
Xl

where Ap(x,dip_1) = A(x,dp—1) N {z : 7)) < d;(f)} and Ag(x,dg_1) =
A(x,dy—1) N {z : 2@) > dl(f)}, and where we use the convention 0/0 = 0
when A(x,d;_1) is empty. Besides, we let A(x,dy) = [0, 1]” in the previous
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equation. The quantity L, x(x,dy) is nothing but the criterion to maximize
in dj, to find the best k-th cut in the cell A(x,d;_1). Lemma 2 below ensures
that L, x(x, -) is stochastically equicontinuous, for all x € [0, 1]?. To this aim,
for all £ > 0, and for all x € [0, 1]?, we denote by A%_,(x) C Aj_1(x) the set
of all (k — 1)-tuples dj_; such that the cell A(x,dy_1) contains a hypercube
of edge length &. Moreover, we let AS(x) = {dy : dp_y € A5_,(x)} equipped
with the norm ||d||oc-

Lemma 2. Assume that (H1) is satisfied. Fiz x € (0,17, k € N*, and let
€>0. Then Lyx(x,-) is stochastically equicontinuous on A%(x), that is, for
all o, p > 0, there exists 0 > 0 such that

lim P sup | Lng(x,dg) — Lox(x,d})| > af <p.
e e —dy fleo <6
dy,dj €45 (x)

Lemma 2 is then used in Lemma 3 to assess the distance between theoretical
and empirical cuts.

Lemma 3. Assume that (H1) is satisfied. Fiz &, p > 0 and k € IN*. Then
there exists N € IN* such that, for alln > N,

P |do(dpn(X,0), A5(X,0)) < &| > 1—p.

We are now ready to prove Proposition 2. Fix p,& > 0. Since almost sure
convergence implies convergence in probability, according to Lemma 1, there
exists kg € IN* such that

P [A(m, A}, (X, 0)) <] = 1. 3)
By Lemma 3, for all & > 0, there exists N € IN* such that, for all n > N,
P |dac(dp (X, ©), 47, (X,0)) <& 21— p. (4)

Since m is uniformly continuous, we can choose &; sufficiently small such
that, for all x € [0,1]7, for all dy,,d;, satisfying d.(dy,,dy,) < &1, we have

[Am, Alx, di,)) — A(m, A(x,dj,)]| < € (5)
Thus, combining inequalities (4) and (5), we obtain

P|[A(m, Ak n(X,0)) = Alm, A7, (X, 0)) <¢] = 1-p. (6)
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Using the fact that A(m, A) < A(m, A’) whenever A C A’, we deduce from
(3) and (6) that, for all n > N,

This concludes the proof of Proposition 2.

5.3 Proof of Theorem 3.1

We still need some additional notations. The partition obtained with the
random variable © and the data set D,, is denoted by P, (D,,, ©), which we
abbreviate as P,(0). We let

I1,(0) = {P((x1,51), - -, (Xn, 40), ©) 1 (X3, 9:) € [0, 1] x R}

be the family of all achievable partitions with random parameter ©. Accord-
ingly, we let

M(I1,(©)) = max {Card(P) : P € I1,,(©) }

be the maximal number of terminal nodes among all partitions in II,,(©).
Given a set z} = {z,...,2,} C [0,1]%, T'(z},11,(0)) denotes the number of
distinct partitions of z} induced by elements of I1,,(0), that is, the number
of different partitions {zf N A : A € P} of z7, for P € 11,,(©). Consequently,
the partitioning number I, (I1,,(©)) is defined by

I, (I1,(8)) = max {I'(z},11,(0)) : z1,...,2, € [0,1]} .
Let (8,)n be a positive sequence, and define the truncated operator T, by
Ts,u=1u if |u| < B,
Tyou = sign(u)a if ul = B,

Hence, T5,m,(X,0), Y, =T,Y and Y; ; = T.Y; are defined unambiguously.
We let F(O) be the set of all functions f : [0,1]% — R piecewise constant on
each cell of the partition P,(©). Finally, we denote by Z, ¢ the set of indices
of the data points that are selected during the subsampling step. Thus the
tree estimate m,(x, ©) satisfies

my(-,0) € argmini Z |f(X:) — V3|2

feFn(©)adn ieT, o
The proof of Theorem 3.1 is based on ideas developed by Nobel (1996), and

worked out in Theorem 10.2 in Gyorfi et al. (2002). This theorem, tailored
for our context, is recalled below for the sake of completeness.
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Theorem 5.1. (Gydrfi et al., 2002) Let m,, and F,(©) be as above. Assume
that

) 53, Pn =00

(i) lm E| inf Ex[f(X) - m( | =0,
[[flloo <Bn

(ii) For all L >0,

1
lim E{ sup |— [f(XZ-)—Y;Lf—E[f(X)—YLf” =0.
AL e 2

Then
lim E[Tj,m,(X,0) —m(X)]* = 0.

n—oo

We are now equipped to prove Theorem 3.1. Fix & > 0 and note that we
just have to check statements (i) — (i7i) of Theorem 5.1 to prove that the
truncated estimate of the random forest is consistent. Throughout the proof,
we let B, = ||mle + ocv2(loga,)?. Clearly, statement (i) is true. To prove
(17), let

frne = Z m(za)la,

AePr(©)

where z4 € A is an arbitrary point picked in cell A. Since, according to (H1),
|m|le < 00, for all n large enough such that 5, > ||m||«, we have

E inf E X)—mX)P<E inf E X) — m(X))?
et x [f(X) —m(X)]" < et x [f(X) —m(X)]

< B[fon(X) - m(X)]’
(since fon € Fn(O))

< E[m(za,x.0) — m(X)]

< E[A(m, A,(X,0))]’

< & +4|m|3P[A(m, A,(X,0)) > ¢].

2

Thus, using Proposition 2, we see that, for all n large enough,
E inf Ex[f(X)—m(X)]* <262

fEFR(O)
| f]l oo <Bn
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This establishes (i).

To prove statement (iii), fix L > 0. Then, for all n large enough such that
L < By,

1

Pxp, | sup E—EZ[ﬂXO—Eﬂ
feFn(0) n,

flloo<fn | Tme

< 8exp -log [, (I1,(0)) + 2M(I1,(©)) log (

~E[f(X) - Y1]*| > ¢

333e/3? B a, &>
¢ 204854
(according to Theorem 9.1 in Gyorfi et al., 2002)

a4, (€ BilogT,(IL) 26iM(IL),  (333¢52
__(2048_ aw Og(T»'

< 8exp

n

Since each tree has exactly t,, terminal nodes, we have M (I1,(©)) = ¢, and
simple calculations show that

[, (I1,(0)) < (dan)tn-

Hence,
1 2 2
P| sup | — > [f(X)~Yir] —E[f(X) - Yi]| > ¢
feF.(©) |On €T, o
1 flloo<Bn "
anCen
S SeXp (_ 645 ) )
where
£2 1 tn(log(day,))? Jtn(logay,)® 666e0?(log a,)*
Ce, = —4 —8 1
ST\ VT S an 7., % ¢
2
— 2048’ as n — 0o,

by our assumption. Finally, observe that

1
sup | — Y [f(X) = Vir]® - B[f(X) - V2]
(5T | it

Yl <2(8, + L),
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which yields, for all n large enough,

E{ sup iazn[f(Xz’)—Yi,Lf—E[f(X)—YLF}Sf

fEF(O) an, i—1

1 £lloo<Bn
1 & 2
2(B, + L)*P — X;) = Y ]? —RB[f(X) -
#20+07R| s [0S 5000~ iul' B[00 i > ¢
[ flloo<Bn
< E+16(8, + L) exp (—a"ﬂcf’")

< 2¢.
Thus, according to Theorem 5.1,
E[Ts,m,(X,0) — m(X)]* = 0.

It remains to show the consistency of the non truncated random forest esti-
mate, and the proof will be complete. For that purpose, note that, for all n
large enough,

E[m,(X) - m(X)]” = E[Ee[m,(X,0)] - m(X)]"
< E[m,(X,6) - m(X)]’
(by Jensen’s inequality)
< E[m,(X,0) — Ts,m,(X,0)]”
+ E[T5,m, (X, 0) - m(X)]
<E [mn(X 0) — T, m,(X, 9)] M ( X@)>Bn] +¢
< B[m? (X, 0)Ln, oo, +€

g]E:]E[ 2(X,0)1,, X®)>ﬁn|@” 3

Since |m, (X, 0)| < ||m||o + max |g;|, we have
1<i<n

I [mi(X, O)1,(x.0)>6, |@}
< 2 2 }
<E|(@fml%+2 max D1y czovitosan

< 2Hm||c2>O]P[1r<nz<xx i > oV/2(log an)?]

1<i<an 1<i<an

+2(]E[ max e!|P[ max & > ov2(loga,)? })1/2.
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It is easy to see that

alflog an
P[ max ¢ > ov2(loga,)?] < —2—— .
[195% - (log ,)°] < 2/m(log a,)?
Finally, since the ¢;’s are centered i.i.d. Gaussian random variables, we have,
for all n large enough,

9 2Hm||2 al—logan A al—logan 1/2
E{m,(X)—m((X)|" < U 2| 3a,0" ————
[n(X) = m(X)]" < 2y/m(log a,)? 62| 3an0 2/m(log a,,)?

< 3¢.

This concludes the proof of Theorem 3.1.

5.4 Proof of Theorem 3.2

Recall that each cell contains exactly one data point. Thus, letting
Woi(X) = Ee [Ix,ea,x.0)] »

the random forest estimate m,, may be rewritten as
ma(X) = Wa(X)Y;,
i=1
We have in particular that > | W,,;(X) = 1. Thus,

E [, (X) = m(X))* < 2 | 3 W, (X) (i - m<xi>>]

+2F Z Wi (X)) (m(X;) — m(X))]

i=1

def

=21, +2J,.

Fix a > 0. To upper bound .J,, note that by Jensen’s inequality,

Jp < E Z Ix,ca,x,0)(M(X;) — m(X))2]
Li=1

<E Z Ix,ea,x,0)A%(m, A, (X, @))]
Li=1

< E[A%(m, A,(X,0))].
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So, by definition of A(m, A, (X, 0))?,
Tn < 4[5 B[l a2gn,4,x,0))2a] + @
< a(4flm|% +1),
for all n large enough, according to Proposition 2.
To bound I,, from above, we note that

Iy =E Z Wi (X)W (X) (Y = m(X4)) (Y — m(Xj))]

Li,7=1

—F Z WZ(X)(Y; — m(X,))?

+ 1

where

B3 B, Lt (5 = mX0)(Y = ()
175]

The term [/, which involves the double products, is handled separately in
Lemma 4 below. According to this lemma, and by assumption (H2), for all
n large enough,

Il < a.

Consequently, recalling that ¢; = Y; —m(X;), we have, for all n large enough,

| <a+ B Z Wi (X)(Y; — m(Xi))2]

< a+ E | max W, (X) Z Wm(X)SzQ]

1<t<n
< a+ E | max W, (X) max &; 1 : (7)
_1§€§n 1<i<n

Now, observe that in the subsampling step, there are exactly ( " 11) choices

to pick a fixed observation X;. Since x and X; belong to the same cell only
if X; is selected in the subsampling step, we see that

(arzl:ll) _ an

(&) n

Pe [X & Xl-] <
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where IPg denotes the probability with respect to ©, conditional on X and
D,,. So,

max W,y (X) < max Pe [X & X} < (8)

1<i<n 1<i<n n

Thus, combining inequalities (7) and (8), for all n large enough,

|1,| < o+ F [max 612} :
n

1<i<n

The term inside the brackets is the maximum of n y2-squared distributed
random variables. Thus, for some positive constant C,

E [max 83] < Clogn

1<i<n

(see, e.g., Chapter 1 in Boucheron et al., 2013). We conclude that, for all n

large enough,
a, logn

L, <a+C < 2q.

n
Since o was arbitrary, the proof is complete.

Lemma 4. Assume that (H2) is satisfied. Then, for all € > 0, and all n
large enough, |I]| < a.

Proof of Lemma /. Firstly, assume that (H2.2) holds. Thus, we have for all
0,0, € {0,1},
Corr(Y; — m(Xi), 1z, ;= 01.02)| X, X, Y5)

_ E[(Y; - m(Xi))]lZ«;,j=(€1,52)]
IREE Y — m(X5) X5, X5, Y VY2 [1 g,y 0| X5, X, Y]

Jr =]
_ EKYZ - m<Xi>)]lZi,j:(fl,€2)|Xi7 Xy, YJ}
0(P[Zi; = (b, )X, X, Y] = P[Zi; = (4, £)[X:. X, ¥;] ) 2

E[(YZ - m(Xi»]lZi,j:(h,fz)lXi? Xj7 Y;]
- P2 [Zi,j = (01,05)X;, X Y'} ’

70

where the first equality comes from the fact that, for all ¢, ¢y € {0, 1},

COV(Y:L' — m(XZ), ]lzm.:(gl’gz)‘xi, X Y)

RN

VRN
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since E[Y; — m(X;)|X;, X;,Y;] = 0. Thus, noticing that, almost surely,

E@—m&)

Zi,ja Xi? Xj7 )/}]

2

.S E [(Yi — m(Xi) 1z, ,— .0 Xi, X, Y]
]P[ZZ,] - (gl,gg)‘Xi,X‘ Y:|

Z; j=(41,¢2)

0,0=1 7077
| COI‘I‘(Y;' - m<X’L>7 ]lZi,j:(fh@)‘Xiv Xj7 Y?)‘
<40 max
£1,62=0,1 P1/2 [Zi,j = (51762)|X17Xj7yﬂ
< 4oy,

we conclude that the first statement in (H2.2) implies that, almost surely,

EW—M&)

7. X X, Y-] < 4o,

Jr =0

Similarly, one can prove that second statement in assumption (H2.2) implies
that, almost surely,

E [|Y,- - m(Xi)|2‘Xi, ]1ng,] < 4002

Returning to the term I/, and recalling that W,,;(X) = Eg[1 , we obtain

xgxi}

=B |3 Ly Dy (Y= m(X))(Y; = m(X,)
1,3

i#]

:ZE
ij

i#]

(—)X]‘

Eﬁﬁk}@,aawmxmn—mmm

Xi7 X]a YM ]lxgxlv ]]-ngjj|]

]ngXi]lX@éxj(Yi —m(Xy))

:ZE
ij

i#j

X<—>X7;’

x B [Yj —m(X;) X5, X5, Vi, Iy o ]lx%’xj ]
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Therefore, by assumption (H2.2),

RS [ﬂxgxiﬂxng‘m - m(xm]
2y
i#]

<90 D[y ¥ - X))
=1

< Tn ZE ]lxgxiE [‘YZ o m<XZ)|‘X“ ]IXSXJ }
i=1

< vnzn:E
i=1

< 2001/2%1.

L BV [1Y = mXOP X By ]

This proves the result, provided (H2.2) is true. Let us now assume that
(H2.1) is verified. The key argument is to note that a data point X; can be
connected with a random point X if (X;,Y;) is selected via the subsampling
procedure and if there is no other data points in the hyperrectangle defined
by X; and X. Data points X; satisfying the latter geometrical property
are called Layered Nearest Neighbor (LNN; see, e.g., Barndorff-Nielsen and
Sobel, 1966). The connection between LNN and random forests has been first
observed by Lin and Jeon (2006), and latter worked out by Biau and Devroye
(2010). It is known, in particular, that the number of LNN L, (X) among
a, data points uniformly distributed on [0, 1]¢ satisfies, for some constant
C} > 0 and for all n large enough,

E[L! (X)] <a.P[X & X;] +16a2P[X & X,]P[X & X|]

LNN LNN LNN

< Cy(loga,)*2, 9)

(see, e.g., Barndorff-Nielsen and Sobel, 1966; Bai et al., 2005). Thus, we
have

" %: x8x; Xe<—>Xj XiL%NX ij%NX( ( ))( J ( J))
i
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Consequently,

1= B[ Y% = mX)) ~m(X) L Ly oy
LN LNN

1,J
i#]

X&X ’

XE[]I o i]lxng]X,G,@’,Xl,...,Xn,Y;-,Yj]

where X & X is the event where X is selected by the subsampling and is
LNN

also a LNN of X. Next, with notations of assumption (H2),

I =E Z(Y; —m(X;))(Y; — m(Xj))]lxi 8 X]lx- 2 x
- JLNN
i#j

X %’,j(Yi,Yj)

=B Y = mX) (= mX)) Ty g b e Vg
Z',j lLNN ]LNN
i#j
FE| DOV = mX)) — mE) oy
1;7]' ZLNN ]LNN
i#]

x (¥i; (Y, Yj) — @/)m‘)]-

The first term is easily seen to be zero since

i,j LNN JLNN
2]
- ZE ]lxi 8 X]lxj o xwivj
ij LNN LNN
()
x E[(Y; = m(Xa)(Y; — m(X;))|X, Xy, ..., X,,0,0]
= 0.
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Therefore,

L)< E| Y= mXI|Y - mX)y o Doy
oy LNN JLNN
i#]
X Wi,j(Y;» Y}) - wi,j‘]
< E| max |Y; — m(X;)|? max [¢;;(Y;, Y;) — i
ij

1<t<n
i
iLNN

><E 1 1 .
X, & xX'x, ¥x
23 N

Now, observe that

7 7 <>
i LNN
i#£]
Consequently,
II'| < EY?|L} (X) max |V; — m(Xi)|4]
n 1<4<n
2
x B2 | max |1 ;(Y;, Y)) —?ﬁi,j!] : (10)
27]
i#£]

Simple calculations reveal that there exists C; > 0 such that, for all n,

E[ max |Y; — m(X;)[*] < Ci(logn)*. (11)

1<(<n
Thus, by inequalities (9) and (11), the first term in (10) can be upper bounded

as follows:

E1/2

1<¢<n

Lin(X) max |Y; — m(Xi)]‘l]

— E1/2

1<¢<n

Ly (X)E[ max [V; — m(X;)]*|X, Xy, . .. ,Xn}]

< C'(logn)(log a,)®".
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Finally,

2

|11,| < C'(log a,)* (log n)*/*EY? | max [ ;(Y;, Y;) — ¥l |
l7~]
i2

which tends to zero by assumption.

6 Technical results

6.1 Proof of Lemma 1

Technical Lemma 1. Assume that (H1) is satisfied and that L* = 0 for

all cuts in some given cell A. Then the regression function m s constant on
A.

Proof of Technical Lemma 1. We start by proving the result in dimension
p = 1. Letting A = [a,b] (0 < a < b <1),and recalling that Y = m(X) + ¢,
one has

L*(1,z) =V[YIX €A -Pla<X<z|XeAV[Y|a<X <]
_Pr<X<b|XeAV[Y]r< X<
2

~—gar ([ m0%) + 5o (/:m“)dt)Q
s (o)

Let C' = ff m(t)dt and M(z) = [*m(t)dt. Simple calculations show that

a

[(1,2) = m (M(z) . CZ — Z>2

Therefore, since L* = 0 on C4 by assumption, we obtain

zZ—a

b—a

M(z)=C
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This proves that M(z) is linear in z, and that m is therefore constant on
[a,b].

Let us now examine the general multivariate case, where A = IT/_, [a;, bj] C
[0,1]7. From the univariate analysis, we know that, for all 1 < j < p, there
exists a constant C; such that

by by
/ / m(X)dl’l...d[L‘j_leL‘j+1...dZEp = Cj.

Since m is additive this implies that, for all j and all x;,

by by
mj(x;) =Cj — / . / ng(m)dxl coodrjdrjyy .. day,
@ W 4]
which does not depend upon ;. This shows that m is constant on A. O

Proof of Lemma 1. Take £ > 0 and fix x € [0,1]”. Let 6 be a real-
ization of the random variable ©. Since m is uniformly continuous, the re-
sult is clear if diam(Aj(x,#)) tends to zero as k tends to infinity. Thus,
in the sequel, it is assumed that diam(A}(x,6)) does not tend to zero.
In that case, since (Aj(x,0)); is a decreasing sequence of compact sets,
there exist ax(x,0) = (a%(x,0),...,a%(x,0)) € [0,1]? and b (x,0) =
(b (x,6),...,b% (x,0)) € [0,1] such that

() 4i(x.0) = [[122(x.0). b (. 0)]

J=1

A (x,0).

Since diam(Aj(x, #)) does not tend to zero, there exists an index j’ such that
ago/)(x, 0) < b(()]o/)(x, ) (i.e., the cell A% (x,60) is not reduced to one point).
Let A%(x,60) = ?Zl[a,(g)(x, 0), b,(j)(x, )] be the cell containing x at level k.
If the criterion L* is identically zero for all cuts in A% (x, §) then m is constant
on A% (x,0) according to Lemma 1. This implies that A(m, A% (x,6)) = 0.
Thus, in that case, since m is uniformly continuous,

klim A(m, Ai(x,0)) = A(m, AL (x,0)) = 0.

—00
Let us now show by contradiction that L* is almost surely necessarily null
on the cuts of A% (x,6). In the rest of the proof, for all £ € IN*, we let L} be
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the criterion L* used in the cell A}(x,6), that is
Li(d) = VIY[X € Ai(x,0)]
—PXY < 2| X € Ai(x,0)] V[Y|XY < 2, X € Aj(x,6)]
—PXY > 2| X € Ai(x,0)] V[Y|XY > 2, X € AL(x,0)],
for all d = (j,2) € Caz(xp)- If L}, is not identically zero, then there exists a

cut doo(x,0) in Cax_(x,0) such that L*(dw(x,6)) = ¢ > 0. Fix £ > 0. By the
uniform continuity of m, there exists ¢; > 0 such that

sup |m(w) —m(w')[ <¢.

[w—w'lloo <61

Since Aj(x,6) | AL (x,0), there exists ko such that, for all k > ko,
max (||ag(x, 0) — 2o (X, 0)||oc, [[br(x, 0) — boo(x,0)[[c) < 1. (12)

Observe that, for all £ € IN*, V[Y|X € A; (x,0)] < V[Y|X € Aj(x,0)].
Thus,
L= sup Li(d) <€ (13)
deCAk(x,O)
d(1>eMtry

From inequality (12), we deduce that
[E[m(X)|X € A;(x,0)] - E[m(X)|X € A% (x,0)]| <¢.

Consequently, there exists a constant C' > 0 such that, for all £ > kg and all
cuts d € Cax_(x,0);

|Li(d) — L (d)] < &% (14)

Let ky > ko be the first level after ko at which the direction d% (x,0) is
amongst the m,,, selected coordinates. Almost surely, k1 < co. Thus, by the
definition of d(x,0) and inequality (14),

¢ —C& < L (du(x,0)) — C& < Li(doo(x,0)),
which implies that ¢ — C¢% < L}. Hence, using inequality (13), we have
c—C& <L <¢,

which is absurd, since ¢ > 0 is fixed and £ is arbitrarily small. Thus, by
Lemma 1, m is constant on A% (x,6). This implies that A(m, A;(x,0)) — 0
as k — oo.
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6.2 Proof of Lemma 2

We start by proving Lemma 2 in the case k = 1, i.e., when the first cut is
performed at the root of a tree. Since in that case L, 1(x, -) does not depend
on x, we simply write L, 1(-) instead of L, ;(x,-).

Proof of Lemma 2 in the case k = 1. Fix o, p > 0. Observe that if two cuts
dy,dy satisfy ||d; — da]|eec < 1, then the cut directions are the same, i.e.,
dgl) = dgl) . Using this fact and symmetry arguments, we just need to prove
Lemma 2 when the cuts are performed along the first dimension. In other
words, we only need to prove that

lim P

n—oo

sup  |Lpa1(1,21) — L1 (1, 29)| > a] < p/p. (15)

|z1—22|<d

Letting Z; = maxj<;<y, |€;], simple calculations show that
P[Z;>t=1—exp (nln(l—QIP[sl zt])).

The last probability can be upper bounded by using the following standard
inequality on Gaussian tail:

Ple, > < — e
€ ex —_— ] .
P=e V2 P 207

Consequently, there exists a constant C, > 0 and N; € IN* such that, with
probability 1 — p, for all n > Ny,

max |g;| < C,+/logn. (16)

1<i<n

Besides, by simple calculations on Gaussian tail, for all n € IN*, we have

1 Xn: < o a’n
— &; ~ ex —_ | .
n < ay/n P\ 7202

Since there are, at most, n? sets of the form {i : X; € [an,b,|} for 0 < a, <
b, < 1, we deduce from the last inequality and the union bound, that there
exists Ny € IN* such that, with probability 1 — p, for all n > Ny and all
0 < a, < b, <1 satisfying N,,([an, b,] x [0,1]P71) > \/n,

P >«

1
Nn([a"“ bn] X [O’ 1]p ) Z':Xie[anybn]
x[0,1]7—1
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By the Glivenko-Cantelli theorem, there exists N3 € IN* such that, with
probability 1 — p, for all 0 < a < b < 1, and all n > Nj,

(b—a—6*)n < N,(la,b] x [0,1]P7") < (b—a+ §*)n. (18)

Throughout the proof, we assume to be on the event where assertions (16)-
(18) hold, which occurs with probability 1 — 3p, for all n > N, where N =
maX(Nl, Ng, Ng)

Take 1,22 € [0,1] such that |x; — 25| < ¢ and assume, without loss of
generality, that x1 < z5. In the remainder of the proof, we will need the
following quantities (see Figure 1 for an illustration in dimension two):

Ay s = [0,V/6] x [0, 1!
Ap s =1[1-v6,1] x [0,17
Ac s = V6,1 = 06] x [0, 1],

Similarly, we define

Apy =[0,24] x [0,1]P71
AR,l = [.fL'l, 1] X [0, 1]17—1
AL,Q [0, LL’Q] X [0, 1]1)—1
AR’Q [ZEQ, ].] X [0, 1]p—1
Ac = [ZL’l, J]Q} X [0, 1];071

Recall that, for any cell A, Y, is the mean of the Y;’s falling in A and
N, (A) is the number of data points in A. To prove (15), five cases are to be
considered, depending upon the positions of x; and x,. We repeatedly use
the decomposition

Lpa(l,z1) — L (1,20) = Jy + Jo + Js,

where
1 \/ 2 1 \/ 2
J1 = E Z (Y; - YAL,l) - 5 Z (Y; - YAL,Q) )
i:X£1)<$1 i:X£1)<ZE1
1 _ 1 _
Jo = n Z (Y; = YAR,1)2 T n Z (Y; - YAL,2>27
i:X£1>E[$1,x2] i:x§1>E[I17I2]
1 _ 1 _
and J3 = E Z (}/; — YARJ)Q — E Z (}/; — YAR,Q)Z.
XM >z, XM >z,
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Arp ARz

1 ; ;
. iifdevs |
AL Vs o Ap,vs
Ac
0 NZ T1_ T2 1—+06 1
Ara AR

)

Figure 1: Illustration of the notation in dimension p = 2.

First case: z;,79 € Ay 5 Since Nn(ALsa) > Nn(ALy\/g) > /n for all
n > N, we have, according to inequalities (17),

|YAL,2| < ||m||00 +a and |YAR,1| < “mHOO + .

Therefore

% % 1 YA +§7A
[l = 2 [V = Vs x| Y y_#)‘

z’:XEl) E[:L‘l,xg]

< 4(||m||oo+oz)<(”m||oo+a>Nn(AC) +%‘ Z m(X;)

n 1
ZXE )G[asl,xg]

)

< A([lmlee + ) ((5 +0%)(Imlloo + @) + [Iml|oc (9 + 6%)

+%‘ > 5>

i:XEl)e[xl,xz]

i:XEl)E[CL‘th]
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If N,(Ac) > +/n, we obtain

1 1 .
ﬁ‘ Z €i‘ < N, (Ao ‘ Z Ei‘ <a (accordlng to (17))

iZXZ(-l)G[.Tl,.TQ} i:Xl(-l)E[IEl,(EQ]

or, if N,,(A¢) < v/n, we have

1 C,\/logn .
- Z ;| < ”T (according to (16)).

i:XEl)E[mhzg]
Thus, for all n large enough,
5] < 4(lmlle + o) ((6 )2l +a) + @). (19)

With respect to J;, observe that

_ _ 1 1
Vi = Vil = | 2 Ve > Y
| Ara AL,2| Nn(AL,l) %: Nn(ALQ) %:
X, <z X, <wo
o X Vv X Y
~ | No(Ara) T " Nu(Apg) m ’
X <z X <z
1
+ Yi
Nn(AL,Q) )
X Ez,22]
N,.(ALq) 1
<|1-— | X X Y;
- Nn(AL,2> Nn(AL,1> %:
X <y
- S v
N, (Ap2) ‘I

i:Xl(l)E[a:l,a:z]
Since N, (Aps) — No(Ap1) < n(d + 6%), we obtain

Nn(AL 1)
1-— <
N, (AL2) —

n(d+6%) _ 0+62
< < 45,
No(Ap2) — V6 —62 —
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for all 4 small enough, which implies that

4—\/523/1.

Nn(AL,l) Ty
X, <wy

No(AL1) " 1
Nn<AL,2) Nn(AL,l)

|YAL,1 - YAL,2| <

> Y

iZXl(-l)G[l?l,IFQ}

Nn(ALl)
< AV5(||ml|so + @) + =L (Im|oed +
(Il -+ ) + T GES (il + )
< 5(|lm|| V3 + a).
Thus,
Ji| = l Y. - Y. 2—l Y,-Y 2
EAR D DINCARS AW S SN TR A
i:X§1><ac1 i:XZ(.l)<m1
2 YA +YA
= (YALz YAL1)XE Z Y — L’12 L2>‘
i:X§1)<m1
< |YAL,2 - YAL,1|2
< 25(||m|soVé + a)?. (20)

The term J3 can be bounded with the same arguments.

Finally, by (19) and (20), for all n > N, and all § small enough, we conclude
that

(L) — Lo(La2)] < 4(Jm] +a)(<6+52><2||m||oo o) +a)

+25(||ml|ocV0 + a)?
< a.

Second case: wi,72 € A} ;5. With the same arguments as above, one
proves that

1] < max (4(V3 + 6%)([Im]l + @), a) |
| Jo| < max(4([[moo + @) (20]Jm|oc + 2a), @),
| T3] < 25(]|m V3 + ).
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Consequently, for all n large enough,

]Ln(l,xl) — Ln<1,$2)| = Jl + JQ + Jg S 30&.

The other cases {z1, 25 € AR,\/S}> {z1,29 € Ap s ¥ AC,\/S}a and {xy, 2y €
Ap.ys X Ag s} can be treated in the same way. Details are omitted. O

Proof of Lemma 2. We proceed similarly as in the proof of the case k = 1.
Here, we establish the result for £ = 2 and p = 2 only. Extensions are easy
and left to the reader. Fix p > 0. At first, it should be noted that there
exists N; € IN* such that, with probability 1 — p, for all n > Ny and all
A, = [ag), b%l)] X [ag), bg)] C [0, 1]? satisfying N,(A,) > y/n, we have

1
gl < a, (21)
ot
and
1 2 - =2
g7 <57, (22)
Nu(An) z‘:)ge:An
where 62 is a positive constant, depending only on p. Inequality (22) is a

straightforward consequence of the following inequality (see, e.g., Laurent
and Massart, 2000), which is valid for all n € IN*:

P [x*(n) > 5n] < exp(—n).

Throughout the proof, we assume to be on the event where assertions (16),
(18), (21)-(22) hold, which occurs with probability 1 — 3p, for all n large
enough. We also assume that d; = (1,21) and dy = (2, x2) (see Figure 2).
The other cases can be treated similarly.

Let d} = (1,2}) and d), = (2, 2},) be such that |z; — ]| < § and |xe — 2| < 6.
Then the CART-split criterion L, o writes

1 \/ 2
Wl 220~ Vo)

7

1 \/ 2
R Y

i:XgQ) >xo

Ln(d17 d2) =



AR

A
Y

1 .
Vi Ame Ap,
| xh
:— )
X /
| A32 ABZ

0 T xh / 1
1 2 AR,l

>

Figure 2: An example of cells in dimension p = 2.

Clearly,
L,(dy,ds) — Ly(dy,dy) = L, (dy,ds) — Ly (dy, d2) + Ly (dy, d2) — L, (d}, d5).

We have (Figure 2):

Ln(d17 d2) - Ln(d/17 d2> -

ARl Z; S 1X51>>x1

1 _
— (Y, —Ya )lom
Nn(A;%J) i:X(2)>x2 H,2 X, >z
T D D A A
Ny (Ap1) P Amal x>
X<z,
! (Y; = Y4 )1 ]
; i — Yar KW g
Nn(AR 1) % X(.2)<m2 Z
= A+ By
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The term A; can be rewritten as Ay = Ay ;1 + Ay 2 + Ay 3, where

1 _
A= Vi = Ya,,) 0,
b Nn(AR,l) ; ( AH’Q) Xil >xy
:X," >x2
1 _
- Yi =V, VPl
Ny (Agq) ; ( AH’Q) X{V>a)
Z':X,Lv >
1 _
Alp= 77— YVi—Yu VPleo_,
12 Nn(AR,l) =) ( AH’2) Xil >Ty
:X,7 >x2
1 _
- Y, —Yu )1 s
Ni(AR 1) @) o AH’Q) X{!>at
’ i:Xi >xo
1 v 2
and A3 = No(Any) ; (Yi = Yag,) Lyt gy o)
: X, >x2
Easy calculations show that
Ni (Al o)

Aiq (Y/}x'H’2 —Ya,.,)%,

B Nn(AR,1>
which implies, with the same arguments as in the proof for £ = 1, that
A1; — 0 as n — oo. With respect to A; 5 and A, 3, we write

logn Vo
Co—=:2(6" +4|m|%, + a*)=—).
"V 3
Thus, A2 — 0and A; 3 — 0 asn — 0o. Collecting bounds, we conclude that
A; — 0. One proves with similar arguments that B; — 0 and, consequently,

that L, (d), dy) — Ly(d}, d},) — 0. O

maX(ALQ, A173) S max(

6.3 Proof of Lemma 3

We prove by induction that, for all k£, with probability 1 — p, for all £ > 0
and all n large enough,

Call this property Hy. Fix k£ > 1 and assume that Hj_; is true. For all
di—1 € Ap_1(X), let

cikm(dk,l) € argmin L, (X, dy_1, dy),
dy,
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and

dZ(dkfl) € arg min L*(Xa dkfh dk)a
d

where the minimum is evaluated, as usual, over {d; € Cax,dg 1) - d,gl) €
My} Fix p > 0. In the rest of the proof, we assume © to be fixed.
Moreover, since O is fixed, we omit the dependence on ©. We momentarily
consider x € [0,1]%,

Note that, for all dj_1,
Lo (X, dj1, o (d—1)) — L(%, dg—1, din(dg_1))
< Lp(%, dj1, dip(dg—1)) — L*(x, dj1, di(dg_1))
(by definition of dj(dx-1))
< Lu(x, i1, di(de-1)) — L(x dy1, di(d 1))
(by definition of dkm(dk,l)).
Thus,

L%, di 1, dyn(di 1)) = L%, de1, i (di 1))

< max ( Ln<X7 dy_1, Cik,n(dkfl)) - L*(X, dy_1, dk,n(dkfl))) )

Ln(x, dg—1, di(dg—1)) — L*(x, dg1, d;;(dk—l))’)
< sup Ly (%, dg-1,dy) — L*(x, dg1, dy)| -

d

Moreover,
| L*(x, dj—1, Czk,n(qu)) — L*(x,dg-1, dj(dg—1))|
<L (¢, di1, g (di1)) = Ln(, di, din(dia))|

+ | L (x, dj—1, Cik,n(dkfl)) — L*(x,dg—1, di(di—1))|
< 28211) |Lp(x, di—1, di) — L*(x, dg—1, di)|
k

— 2sup | L, dy) — L*(x, ). (23)
dk

Let fti(x) ={dy :dx_; € -Aiq(x)}- So, taking the supremum on both sides
of (23) leads to
sup |L*(X7 di—1, dk,n(dk:—l)) - L*(X, di_1, dZ(dk—lm
dy_1eA5 | (x)

<2 sp |Lubedy) - LG do). (24)
dkEAi(x)
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By Lemma 2, for all £ > 0, one can find § > 0 such that, for all n large
enough,

P Sup sup |Ln(X> dk) - Ln(X7 d;C)| S {' Z 1-— p- (25)
x€[0,1]? [|[dp—dj, loo <6
dy,dj e A5 (x)

Now, let G be a regular grid of [0,1]¢ whose grid step equal to £/2. Note
that, for all x € G, Ai(x) is compact. Thus, for all x € G, there exists
a finite subset Csx = {c;x : 1 < j < p} such that, for all d;, € A5(x),
doo(dy,Csx) < 9. Set & > 0. Observe that, since the subset UxegCsx is
finite, one has, for all n large enough,

sup sup |Ln(X,¢jx) — L*(X,¢jx)| <& (26)

XEG Cj,xec(;,x
Hence, for all n large enough,

sup sup |L,(x,dy) — L*(x,dg)| < sup sup (|Ln(x, d) — Ln(x, ¢cjx)|
x€G q; e L (x) X€G g, e A8 (x)

+ [Ln(%, ¢jx) = L7(%, ¢ [ + [L7(x, ¢55) = L7 (%, dk)|),
where ¢; x satisfies ||c;x — dil/ooc < 0. Using inequalities (25) and (26), with
probability 1 — p, we obtain, for all n large enough,

sup sup  |Ly(x,dg) — L*(x,dy)| < 3¢
x€G q; e L (x)

Finally, by inequality (24), with probability 1 — p, for all n large enough,
sup  sup  |L*(x, dg_y, dpn(dp_y)) — L*(x, dpy, di(dp_q))| < 66, (27)

X€0 4y _eds | ()

Hereafter, to simplify, we assume that, for any given (k — 1)-tuple of theo-
retical cuts, there is only one theoretical cut at level k, and leave the general
case as an easy adaptation. Thus, we can define unambiguously

di(dg_1) = argdmin L*(dg_1, dy).
k
Fix £” > 0. From inequality (27), by evoking the equicontinuity of L, and

the compactness of U = {(x,dy_1) : x € G, dj_; € A5 (%)}, we deduce
that, with probability 1 — p, for all n large enough,

sup dog (A1), (1)) < € (28)
(x,dp—1)eU
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Besides,

P [(X7 akfl,n(X» € Z/{] = E[IP [(Xa akfl,n(X)) S ulanH >1-— 21{715- (29)
In the rest of the proof, we consider ¢ < p/2*~! which, by inequalities (28)
and (29), leads to

Pl s duo(din(dion), di(din)) < € (X, dpyn(X)) €U] =1 2p.
(x,dr—1)eU

This implies, with probability 1 — 2p, for all n large enough,
doe (i), di(dicr,n)) < & (30)
Now, using triangle inequality,
doo <dk,n(ak—1,n)7 AZ) < dw (Cik',n(ak:—l,n)a dZ(ak—l,n)>
oo (i (A1), A7 ). (31)

Thus, we just have to show that duo(df(ds_1,),.A%) — 0 in probability as
n — oo, and the proof will be complete. To avoid confusion, we let {d;il :
i € T} be the set of best first (k — 1)-th theoretical cuts (which can be either
countable or not). With this notation, d5(dy’,) is the k-th theoretical cuts

given that the (k — 1) previous ones are dZ’il. For simplicity, let
L (x,dy) = Li(x, A}, dy)  and  L*(x,dy) = LE(X, dp_1.m, d).-
As before,

di(dp’)) € argmin L*(x,dy) and  df(dy_1,) € argmin L*(x, dy).
dy, d,

Clearly, the result will be proved if we establish that,

12% doo(df(dp_10), dE(d2",)) = 0, in probability, asn — oco.

Note that, for all x € G, A{(x) is compact. Thus, for all x € G, there exists a
finite subset C'sx = {c}, : 1 < j < p} such that, for all d, duo(dy,C'sx) < 9.
Hence, with probability 1 — p, for all n large enough,
| (x, dy) — L (%, )| < | L% (x, i) — L* (%, € )|
+ L7 (x, ) = L (%, 650
L7 (x, ) — LM (x, dy)|
<26+ | L7 (x, ¢ 5) — L (x, )]

(by the continuity of Lj).
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Therefore, as in inequality (24), with probability 1 — p, for all i and all n
large enough,

196, (1)) =L (e, ()] < 25up L3, ) = L ()
k

< 4¢ +2maX|L*( X, o) = L (%, ¢ )|
Taking the infimum over all ¢, we obtain
inf [ L (x, dj (di-1,0)) =L (x, di (d}1))] < 4¢°
+ 21nfmaX\L*( X, ]X) L (x, cj DIk (32)

Introduce w, the modulus of continuity of Lj:

CO(X, 5) = sup |L2(X7 d) - Lz(xv d,)|

[d—d'lloc <6

Observe that, since L;(x,-) is uniformly continuous, w(§) — 0 as § — 0.
Hence, for all n large enough,
1nfmaX|L*( di) — L7 (x,c,,)

i 7]x 7jx

1nfmaX|Lk(X dk 1,n» ]x) L*(X d*llﬂ ]x)|

< 11rz;fw(x, ||dk—1,n - dzi1Hoo)

<¢, (33)

since, by assumption Hj,_q, inf; ||(A1k_17n — deIHOO — 0. Therefore, combining
(32) and (33), with probability 1 — p, for all n large enough,

inf | L (X, df(dy)) — L (X, di(d} )] < 66
Finally, by Lemma 5 below, with probability 1 — p, for all n large enough,

inf doo (df (di-1.0), di(d}" ) < €. (34)

Plugging inequality (34) and (30) into (31), we conclude that, with proba-
bility 1 — 3p, for all n large enough,

doo (Czk,n(ak—l,n)a AZ) S 25”7
which proves Hj. Property H; can be proved in the same way.
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Lemma 5. For all §,p > 0, there exists & > 0 such that, if, with probability
- P,

inf [ L7(X, di(di-10)) — L (X, di(di”))] < &,
then, with probability 1 — p,
inf doc(d7(@11,0). di (A" )) < 6 (35)
Proof of Lemma 5. Fix p > 0. Note that, for all 6 > 0, there exists & > 0
such that,

inf inf it LG dpty di(dity) - LiGx dyty)| > €
x€[0,1]4 T yidoo(y,di(dft,))>6

To see this, assume that one can find § > 0 such that, for all £ > 0, there
exist 7¢, ye, X¢ satisfying

| (e, Ay, di (7)) — Li(xe, diS, we) | <,
with da (ye, d(d")) > 6. Recall that {d5*, : i € N}, {d(d}®,) : i € N}

are compact. Then, letting £, = 1/p, we can extract three sequences dZ’i”l —
d;_1, d*(d“”) — di and yg, — y as p — oo such that

LZ(dk—h dk) = LZ(dk—h y), (36)

and do(y, di) > 0. Since we assume that given the (k — 1)-th first cuts dy_1,
there is only one best cut di, equation (36) implies that y = dj, which is
absurd.

Now, to conclude the proof, fix § > 0 and assume that, with probability 1—p,
inf do(d}(d5,). dE(d11,)) > 6
Thus, with probability 1 — p,
inf | L(X, di(di10)) — L(X, (7))
= inf [ Lp(X, di ), di(di) — Lp(X A3 )|

Z inf inf lnf |LZ(X7 d;;’ila y) - L;;<X7 dth dZ)l
x€[0, 1]d i doo(yd*( ke 1))>(S

> &,

which, by contraposition, concludes the proof. O
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Proof of Proposition 1. Fix k € IN* and p,& > 0. According to Lemma 3,
with probability 1 — p, for all n large enough, there exists a sequence of
theoretical first k& cuts dj (X, ©) such that

doo(d}i(X, ©), dsn(X, 0)) < €. (37)

This implies that, with probability 1 — p, for all n large enough and all
1 < j <k, the j-th empirical cut d;,(X,O) is performed along the same
coordinate as dj(X, ©).

Now, for any cell A, since the regression function is not constant on A, one
can find a theoretical cut d* on A such that L*(d%) > 0. Thus, the cut d7 is
made along an informative variable, in the sense that it is performed along
one of the first S variables. Consequently, for all X, © and for all 1 < j <k,
each theoretical cut dj(X,©) is made along one of the first S coordinates.
The proof is then a consequence of inequality (37). O]
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